§0. Introduction
Since about 1955, one has investigated the descriptive set theory from the standpoint of the effective hierarchy. Such a theory is called "effective descriptive set theory" by Addison. Many results appeared in this branch (e.g., [1] [2] [3] [4] , [15] , [27] [28] , [32] , [33] [34] [35] , [36] , [37] ). The present paper belongs to the same branch. In this theory, several classical theorems can be very easily proved, sometimes by using results in the recursive function theory. The main reasons are based on full use of logical smybols and on the consideration of the character of an individual real number itself (such as being (hyper) arithmetically real). Such examples will be stated in §2 below. To some sets and ordinals whose existence had been proved classically, we shall determine their positions which they occupy in the effective hierarchy. For instance, it is well-known that every non-denumerable analytic set contains a perfect subset. and terminology, see the following sections.) Since there is a nondenumerable Si-set which contains no non-void Hi-subsets (Theorem 3), such a P cannot be (in general) a Ill-set. The above results will be proved in §3.
Concerning the Lebesgue measure, one knows that every analytic set is Lebesgue measurable. Kreisel [18] shows that the measure of an arithmetical set in the segment /= [0, 1] is an arithmetical real number. (Cf. Grzegorczyk [6] .) It is proved that this fact also remains true when we consider arithmetical sets in N N instead of those in / (Corollary 3). What sort of real number is the measure of a Siset in N N ? To this question we answer by Theorem 8 as follows:
The measure of a ^]l-set is a Si real number in a suitable sense. And hence it is seen that the measure of every A\-set is a A\ real number (in the usual sense).
The former gives an improvement of Sampei [28; Theorem 5] , -Some of our results are closely related to and overlapped with those of Sampei [28] . But both were obtained almost independently. -As applications of Theorem 8 we shall give respective versions of Selivanowski's theorem concerning CAsets [29] and of Kondo-Tugue's theorem [14] . These are the main contents of § §4-5.
In §6 we shall deal a Hi-set containing a perfect subset. There we shall obtain an effective variant of Lusin's result [24] , asserting 1) Here and after "perfect" means "non-empty perfect". that one can choose a perfect subset in a CA-set having a non-denumerable constituent. In §7. we obtain a result concerning a basis theorem for the arithmetical sets in N N , that is theorem 16 where the index M [a] indicates that the quantifier is restricted to the set c#[oj, which is the set of all 1-place number-theoretic functions hyperarithmetical in a. Let E be a set N N X N N defined by (3) E is a disired set. For, suppose E were uniformized by a Si-set B\
Take a recursive function <*<>• Then ,B <ao> is also Si, and by (1) and (4) [38] showed that it can be uniformized by the complement of a A p(T -set. But these proofs are rather complicated and/or geometrical. We can obtain a more simpler proof of the above result.
(Z?) Every Si-set in X X Y can be uniformized by the complement of a (Si) P a-set. 5) To prove this proposition, we use a basis result of Kleene [6] . He showed that where r(fl) = (A*)(3«)(^)A'(r(fl)*2* +1 *5U)). 6) We remark that if K is recursive then the function r is in the class (SD 5) A set E is said to be a (Zi)p-set, if it is the difference of two Si-sets. A set E is said to be a (ZU)pu-set, if it is expressible in the following form:
where P and Q are in the classes Si and n}, respectively. We shall denote by C(SI)pa the class of all sets whose complements belong to the class (Z})pa. 6) This corresponds to considering the following system of sets in the classical analytic set theory:
where E= U fl .EKOMIJ-K*) is a given analytic set. 
Now we shall define the partial functional W as follows:
Then W satisfies the following condition:
Let U(r, /3) be defined by the following equivalence:
By (7) - (8) We shall define the functions /, ^, /2 and a predicate 7? 2 in the following way: 
Assume there is an #>0 such that (3w)^i( w » £(#))• By (2) we would
Hence, since j?? 2 (5(#+l), r(# + l)) =fl* Tl (0, where
we would have (9) By the above (iii) and (6) and hence by (8) it would be Ext (F 41 (0,5(*)).
This contradicts (9). Hence we must have (7) . By (7) and the definition of R 2 the following equivalence holds:
) .y ( * )) for
By our assumption (6) it holds
On the other hand, by (4) and (7) especially Hence by (10) we have
Now we shall define R as follows:
The predicate R(u,w) is arithmetical and satisfies the following conditions :
For each k and ft £Ae set &R(a(K),'pW) either is empty or consists of a single Barie's interval of order k. ( 
15) R&(k + VJ(k + l»-»R(a(k
Proof is obvious by Lemma 1 and (11).
S.,2. The evaluation of the predicate Theorem 1. Let E be a ^l-set. Then \E\>* 0 is expressible in a 'Si-form.
Proof . 9) Let E be defined by
where R Q is recursive. By Lemma 2 we can find an arithmetical predicate R such that (12) - (15) We shall use the method of proof in Kondo [13] .
is an effective enumeration (without repetition) of all sequence number consisting of 0 and 1 only. We prove (16) Since (*) (3 «)/?(«, /3(?*))i we have (£) (3 «)./?(«, f (w*))-Hence by (20) , (14) and (15) Again by (15) and (20) So, the unique <* such that (&)-ff(5(j»*)> r(i«0) holds belongs to the set £ (by (12)). Since M(«, y(^))=^(^(m,), F(wO), (19) holds. Now we shall show (21) Let q k and r k be the numbers such that v(^) = 0(#*) and r(&)
respectively. As q k^rk and lh(p(q k ))=lh(p(r k ))=k, we have
Hence by the definition of M Thus, (21) is true. Let
Then by (18), (21) and (19) M=A(K) (3y) [ve2 N AM(«, P(*))] and 0^=Mc£ t . As the quantifier (Sv)^" on the right-hand member of (22) can be replaced by a bounded existential number-quantifier with suitable recursive conditions, M is a closed set in the space
otherwise.
Since r*^2^, by (19) for each k there is a unique function a k such that 
CP=\J{3(n)\nt=Q],
for some Q recursive in a Hi-number-theoretic predicate (cf. Kreisel [17] ).
Theorem 2. For every non-denumerable ^{-set E in N N there exists a perfect subset P of E which is H\-recursively closed. A fortiori, P belongs to the class A\.
Proof. By Lemma 2, we can define an arithmetical predicate R satisfying the condition (12) - (15 where O is the complete Ill-set (of natural numbers) defined in Kleene [7] . Now suppose |£|>>>? 0 . We shall define the functions /, g, I and sets M n as follows:
Step 0. /(0) = GmO [w = <(u;)o, (w)i> 11) A(Oi<.S^ ((«;),) and By our assumption |£ ^^0,7(0) is defined and hence for i<2 11) <0o, 0i,..., fl*-i>= n Let M Q =
Step n + 1. Suppose /(f), /(f), A£(f<>0 and #(f) (f<;2" +2 -3)
are defined, and |En£ff(*(/00), £(2 K+1 -2 + 0) l>*o for *'
Obviously /(« + !) is well defined by the hypothesis of induction. Then by the definitions, we see that P is ni-recursively closed. Further let the function ^ be defined recursively as follows: 
Proofo Let
For every Ill-predicate P(a) (of a single function-variable at) there is an n such that By the effective choice principle (with a number-parameter n), from each set &V(a,n) we can select a unit subset aVifan) such that iG#, #) is also a nrpredicate.
12)
Let PF be the set defined as 12) Of course, for n such that (aa) V(a, w),aVi(a,M) is empty.
follows :
Then W is a Hi-set and intersects with every non-void Hi-set in N N .
Consequently, the complement W = C W is a Si-set and it contains no non-void Hi-subset. (The set W is similar to a simple set of natural numbers in the sense of Post [25] . where QG*) = (/3) [/3e£-*(3«) (*)(/3(*) =a(n, *))] . Since E is a Siset, we can select a ^-function r 0 from the set E by using (D) in §2.4. On the other hand, the dQ(a) is a non-empty Hi-set. Hence by the effective choice principle we can select a Ja-function ^0 such that Q(<EO) holds. We define the function a(n, x) as follows:
Then 6 is also a Jrfunction and {^^<r(^, ^)}»=o,i,2,... enumerates the 13) Such a set A-B can be obtained by the diagonal procedure. 14) Sampei [28] also proved the same theorem.
members of E. (Q.E.D.) Theorem 7 is a refinement of a theorem of Kondo [13] . §4. The measure of an arithmetical set 4.1. Speaker [30] proved that there exists a monotone increasing bounded primitive recursive sequence of rationals {a n } such that lim a n = x is not a general recursive real number. We may assume Then one can find a recursive function <p such that Proof. We use the mathematical induction on t. Basis. t = 0. This is no other than Corollary 2. Induction step. Let
•-, w, +1 ))], where <p is arithmetical. We define J?l'?..« ft as follows: (1) Obviously
.. n^ = limmes(E tt (... Hk }.
By advancing (*/w/) in (1) and by contracting adjacent quantifiers of the same kind, we can find an arithmetical function 0 such that 
) // E is an arithmetical set in N N , then mes(E) is an arithmetical real numbers.

Remark 3. (i) if P(^, k)
and QG*, k) are arithmetical predicates, then the predicates is also arithmetical. 
Then obviously (^) [(P<oj> < mes(E)] , and hence (4) sup {0<«0> 1 ^e^} < mes(E).
On the other hand, by (2) Hence it holds: sup {0<aC> I aeN N } ^>mes(E'). Together with (4) we
By (3) we can see that $<«:) is an arithmetical real number relative to a. Indeed, it can be proved (by using the monotonity of {E HQ ... ttk } and Konig's Lemma [16] ) that
l<k l<k (Cf. Kondo-Tugue [14: Lemma 1] .) Since the set on the right-hand side of (6) is arithmetical in a, its measure is a real number arithmetical in a y by the relativized form of Cerollary 3. Thus we can find pair of sets A aj B^ consisting of rational numbers only which are arithmetical in a and satisfy the condition 0<<*>= G4«, 5«), where C4 tt , 5a) denotes the Dedekind cut. If we put A= U {A a \a& N N } and B = the complement of A with respect to the rational numbers, then Definition 1. A real number r(e/) is said to be a Si (Hi, or 41) -real number if the set of all rationals smaller than x is in the class SKresp. Ill or 4). 16) Since the above set A is in the class Si, mes(E') is a Si-real number. Thus we obtain the Selivanowski [29] showed that if mes(<5)>0 then there is an ordinal number 7? Q -<£ such that
mes(£)=mes( U <?")• 'Klo
For the case of a nj-set, we have the Theorem 9. // G is a Hi-set and mes(£)>Q, then there is a A\-ordinal f 17) such that
where G^9s(^<Sf) are the constituents of G with respect to any recursive sieve determining its complementP roof. Let F be an arithmetical universal set for the closed sets 16) This definition for "a J}-real number" is equivalent to the other ones. (e. g., in Grzegorczyk [6] , reading "hyperarithmetical" instead of "elementarily definable" there.) 17) An ordinal number £ is called a ^-ordinal, if it is the order-type of a ^-wellordering of natural numbers. 18) This theorem is an improvement of Sampei [28; Theorem 6] . And Theorem 9 of [35] is a Corollary of this Theorem 9. in N N . (See §6.1 below.) We define the predicate K(OL, ri) as follows:
he first conjunction-member of the right-hand side of (8) is Hi and by Corollary 4 the second is Si-Hence K is A\. Since mes(G}> §, <? contains a closed subset whose measure is arbitrarily accessible to mes(G}. Hence it holds (w) (3at)K(a, ri) . Consequently, we can choose a point a» from each set aK(pt, ri) such that Xnxa(n, #) is a z/2-function, where a(w, #) =<*"(#). (Kondo [11] . Also cf. Sampei [28] .) On the other hand, the sets Proof. First we remark that in the proof of Theorem 8 the con- 
where r is a variable ranging over the rational numbers. Hence r(-E) is Si or Hi according as E is so.
Definition 2. A real number x is called a Jj-real number if there is a Ji-function QJ such that
We denote this expression by "a det x".
A real number is a Ji-real number if and only if it is a number in the sense of Definition 1.
Let 5 be a set of natural numbers which is Si but not II i. Take 19) The experession (9) is not unique only if 5 either is finite or it contains eventually, that is, from a certain number on, all natural numbers. But since 5 is a proper Si-set, it is not the case.
By -A(oO we denote the right-hand member of (10). 
5.4.
A "massgleiche Hiille" of a Si-set. Sampei [28] proved that a G 5 -set including a given Si-set and having the same measure with it can be defined by a Js-predicate. We can improve this result, thus:
Such a G 5 -set can be defined by a Ja-predicate.
Proof. Let G(^N N xN N ) be a universal set for the G 8 -sets in N N . We may assume G is arithmetical. Then mes(G /a -^ is an arithmetical real number relative to <#. 20) Now let M be the set defined as follows :
By using Theorem 8 it is seen that M is A\. Since M^0, we can find a Jj-function a 0 contained in M (Kondo [11] . Also cf. Sampei (ii) any recursive sieve determining C8 can be bounded on the set P by a A\-ordinal.
2P
roof. Let M be defined as follows:
where V is the arithmetical universal set for the perfect sets given in §6.1. Since M is Hi and is not empty by the supposition, we can select a function a^M such that it is a A\-i unction (the effective choice principle).
Let P= V™\ The P is a perfect subset of S. Since Fis arithmetical, P is a Jj-set. This proves (i). By using (6) we shall prove that there is a function oL^Jl such that a. is not contained in LJ5(p(w)). This contradicts (5). « Construction of such an <%. 23) Step 0. First we easily have holds. Then, similary as in the proof of (7) (using (8) instead of (6)), we obtain 
Proof. Suppose ( 9 ) mes*(Er\J[)<mes(E).
Since CE is a Si-set, there is a recursive function i/n such that
Then we have
Hence by (9) and (10) This contradicts Lemma 9.
Theorem 13. If E is n? and mes(E}>Q, then E contains an arithmetical point.
Proof. Since mes(E)>Q, by Lemma 11 we obtain
As by (1) We can easily extend Theorem 13 as follows: Proof. Following KreisePs proof, by -< e we denote the recursive binary relation of natural numbers whose Godel number is e, and by D e we denote its field. Let L(e) and W(e) be the predicates "-<, is a linear ordering" and "-<, is a well-ordering", respectively. Spector [31] proved that L(e) is arithmetical and W(e) is a complete nj-predicate in the sense of Post [25] . Following Kreisel, let W^(e) denote the predicate "-<. is a linear ordering and D e is embedded into D R by an orderSee the end of this paper.
preserving mapping". Then we have where /3,(0 = j3(/(#» 0)-Since ^ is Si, PFi(e) is also in the class SI-Assume that fa$R(a, /3) is a well-ordering. Then clearly (1) Wi(e)-»W(e).
If T(DK) were not smaller than ^i, where o^ is the first non-constructive ordinal, then it would hold (2) W(e)^Wi(e).
By (1) and (2) Proof. There is a recursive function <p such that for all k fk+l== U lytf.fi, y=o where "-" denotes the closure operation on 7. Then The latter equivalence is proved by using the Borel-Lebesgue's theorem. 250 Now it can be shown that "/* c; U /<xco" is 25) Cf. Lacombe [21] and Kreisel [18] . 
Proof. Take a recursive K± such that
Since KI is recursive, there is a recursive function <p such that G , where G = ^(3^)Xi(a(^)). As G^N N , it holds (g , Now we shall define T/P as follows:
Clearly ^ is well defined. Since ) consists of a single point which does not belong to G.
We denote it by a §\
